Abstract. Electromagnetic waves carry the Abraham momentum, whose density is given by p EM = S(r, t)/c 2 . Here S(r, t) = E(r, t)×H(r, t) is the Poynting vector at point r in space and instant t in time, E and H are the local electromagnetic fields, and c is the speed of light in vacuum. The above statement is true irrespective of whether the waves reside in vacuum or within a ponderable medium, which medium may or may not be homogeneous, isotropic, transparent, linear, magnetic, etc. When a light pulse enters an absorbing medium, the force experienced by the medium is only partly due to the absorbed Abraham momentum. This absorbed momentum, of course, is manifested as Lorentz force (while the pulse is being extinguished within the absorber), but not all the Lorentz force experienced by the medium is attributable to the absorbed Abraham momentum. We consider an absorptive/ reflective medium having the complex refractive index n 2 +iκ 2 , submerged in a transparent dielectric of refractive index n 1 , through which light must travel to reach the absorber/reflector. Depending on the impedance-mismatch between the two media, which mismatch is dependent on n 1 , n 2 , κ 2 , either more or less light will be coupled into the absorber/reflector. The dependence of this impedance-mismatch on n 1 is entirely responsible for the appearance of the Minkowski momentum in certain radiation pressure experiments that involve submerged objects.
whereas the corresponding Abraham momentum is known to be ħω/(n 1 c). The goal of the present paper is to show that the appearance of the Minkowski momentum in the reported experiments is not indicative of the actual momentum carried by photons within the dielectric; rather, the observed momentum-transfer is a simple consequence of the reduced impedance-mismatch (which happens to be proportional to n 1 ) between the host dielectric of refractive index n 1 and the reflective/absorptive medium under investigation. This reduction of impedance-mismatch occurs in such a way as to convey the false impression that, somehow, before and after interacting with the mirror, the photons within their dielectric host possess the Minkowski momentum.
In the case of the photon drag effect [28] , we presented the corresponding analysis in an earlier paper [15] , which will not be repeated here. The concern of the present paper is the force of radiation on an immersed absorber/reflector. The case of illumination by a continuous-wave (cw) light beam will be treated in Section 2, followed by an analysis of pulsed illumination in Section 3. The results of our Finite Difference Time Domain (FDTD) numerical simulations with emphasis on the effect of focusing a light beam onto a submerged mirror will be described in Section 4. Concluding remarks appear in Section 5. Figure 1 shows a linearly-polarized, monochromatic plane-wave propagating along the z-axis within a transparent dielectric medium of refractive index n 1 . At z = 0 the beam encounters an absorbing medium whose complex refractive index is n 2 + iκ 2 . The interface between the two media is flat and smooth, and incidence is normal. The Fresnel reflection and transmission coefficients at the interface are
Submerged mirror under cw illumination.
The absorber becomes a good mirror when |ρ | 2 ≈1. For metallic mirrors this usually occurs because κ 2 is quite large. Generally speaking, large values of either n 2 or κ 2 (or both) could result in a large value of |ρ | 2 . It should be noted, however, that another possible high-reflectivity mirror is one that has a very small n 2 (ideally n 2 = 0), in which case the reflectance would be nearly 100% irrespective of the value of κ 2 .
Later in the paper we will consider isotropic, linear, and homogeneous media specified by their permittivity ε (ω) as well as permeability μ (ω). For such media the (complex) refractive index is n + iκ =√εμ, while the (complex) admittance is η =√ε /μ . The Fresnel reflection and transmission coefficients for such media will still be given by Eqs. (1) , provided that the admittance η is substituted everywhere for the refractive index n + iκ.
Figure 1 (color online)
. A monochromatic plane-wave propagating along the z-axis within a homogeneous, isotropic, transparent medium of refractive index n 1 is normally incident on a homogeneous, isotropic, absorptive medium of (complex) refractive index n 2 + iκ 2 . The incident, reflected, and transmitted beams are all linearly-polarized along the xaxis. The Fresnel reflection and transmission coefficients, ρ and τ, are given by Eqs. (1a) and (1b), respectively.
Denoting the optical frequency by ω, the vacuum wavelength by λ o , the speed of light in vacuum by c =1/√ μ o ε o , the wave-number by k o = ω/c =2π /λ o , and the impedance of the free-space by Z o =√ μ o /ε o , we may write the incident, reflected, and transmitted electromagnetic fields residing within the two media as follows:
, n 1 +n 2 +iκ 2
The energy flux (per unit area per unit time) in the transparent dielectric is obtained from the time-averaged Poynting vector S(r, t), as follows:
The time-averaged force per unit area, <F > , exerted on the absorbing medium is obtained by integrating the Lorentz force density (P ·∇)E + (∂ P /∂ t)×μ o H over the penetration depth, namely, It is thus clear that the energy flux of Eq. (5) produces the force on the absorbing medium given by Eq. (6). The energy flux being proportional to the rate of arrival of photons (photon energy = ħω, where ħ is the reduced Planck constant), we see that the momentum transferred to the mirror/absorber by each incident photon is A good reflector typically has a large κ 2 or a large n 2 (or both). Thus, so long as the contribution of n 1 to the denominator on the right-hand side of Eq. (7) is negligible, the momentum transferred to the absorber by each incident photon is effectively proportional to n 1 , namely, the (phase) refractive index of the medium hosting the incident photons. As an example, let n 2 +iκ 2 = 2 + i7, typical of aluminum at visible wavelengths. The transferred momentum per photon will be ~1.862ħω /c in vacuum (n 1 =1) and ~2.645ħω /c in a dielectric of refractive index n 1 =1.5. For the aluminum mirror, therefore, the ratio of the forces is ~1.42, close to n 1 . (With a reflector having larger values of n 2 and/or κ 2 , this ratio will be even closer to the index of the dielectric host.)
It is clear that, by using a host medium of refractive index n 1 rather than the vacuum, one reduces the impedance-mismatch between the host and the mirror, thus increasing the strength of the coupled E-and H-fields into the mirror, which has the effect of enhancing the momentum transfer per incident photon in proportion to n 1 . The force on the mirror is not so much a measure of the momentum carried by individual photons within the host as it is a measure of the impedance-mismatch between the host and the mirror. (It is possible, of course, as we have pointed out elsewhere [20] , to have a special mirror for which n 2 = 0 and 0 <κ 2 << 1. Under such circumstances, the transferred momentum per photon will be inversely proportional to n 1 , which is characteristic of the Abraham momentum of the photon within the host medium.)
In another extreme scenario, one may have n 1 = n 2 while κ 2 ≈0. Equation (7) then predicts that the momentum transferred to the absorber per incident photon is ~½ (n 1 + n 1 −1 )(ħω /c). The impedance-mismatch is now essentially removed, and the incident light in its entirety enters the absorber and proceeds to get absorbed, albeit slowly, as κ 2 is assumed to be small. The transferred momentum in this case is seen to be one-half of the Abraham momentum (in a dispersionless medium of refractive index n 1 ) plus one-half of the Minkowski momentum. This, of course, is the entire momentum of each incident photon (because there is no reflection at the interface), comprised of both electromagnetic and mechanical contributions.
The above arguments can be readily extended to magnetic media specified by their permeability μ(ω) and permittivity ε(ω). Let us assume that the incident medium is transparent, having refractive index n 1 =√ε 1 μ 1 , where both ε 1 and μ 1 are real-valued, while the absorbing medium has a complex refractive index n 2 =√ε 2 μ 2 , where either ε 2 or μ 2 or both are complex. Maxwell's equations then reveal that the magnetic fields in Eqs. (2b), (3b) and 4(b), instead of being proportional to the refractive index n, will be proportional to the corresponding admittance η =√ε/μ. Similarly, in the expressions of the Fresnel reflection and transmission coefficients, Eqs.(1a) and (1b), admittances replace the refractive indices. Finally, when computing <F > in the presence of the magnetization M within the absorptive medium, one must use the complete Lorentz force density expression [8, [22] [23] [24] [25] , namely,
Straightforward calculations then yield
Once again, the previous arguments apply, namely, that the reduction of the impedance-mismatch between the incidence medium and the absorber/reflector is responsible for the coefficient η 1 =√ε 1 /μ 1 appearing in the numerator on the right-hand side of Eq.(9). Whenever η 2 in the denominator dominates η 1 , the transferred momentum per photon will be proportional to η 1 , which has a positive value even in a negative-index medium.
Submerged mirror under pulsed illumination.
Consider a finite-duration, finite-diameter light pulse propagating in a transparent medium of refractive index n 1 , as shown in Fig. 2 . The beam diameter is sufficiently large (and its cross-sectional phase and amplitude profiles sufficiently uniform) that one may safely ignore the diffraction effects. The total energy content of the pulse will be denoted by E pulse . The E-and H-fields within the homogeneous and isotropic host media will be expressed in terms of a plane-wave spectrum of spatio-temporal
, with the spatial-frequency content of the pulse confined to a small region of the k-space in the vicinity of (k x , k y ) = (0, 0).
In non-magnetic media, where the relative permittivity μ (ω) is unity, we have
where ε (ω) is the relative permittivity of the medium, with the proviso that ε (−ω)=ε*(ω). Assuming dispersionless behavior, ε 1 (ω) = n 1 2 in the case of the dielectric host, while ε 2 (ω)= (n 2 +iκ 2 )
2 in the case of the absorbing medium (κ 2 > 0 when ω > 0). For the fields to be real-valued it is necessary and sufficient that their Fourier transforms be Hermitian, that is,
Moreover, if the beam's cross-section in the xy-plane is required to be symmetric with respect to the origin, that is, if the field amplitudes are to remain intact upon switching (x, y) to (− x, −y), we must have
The E -and H -field amplitudes and the k-vector k = k x x ∧ + k y y ∧ + k z z ∧ are related through the Maxwell equations ∇·E = 0 and ∇× E = −∂B/∂ t, as follows:
With the help of Eq.(14b) and the vector identity a ×(b× c) = (a ·c) b − (a·b) c, we now write
For the beam thus defined, the incident Poynting vector in the transparent host medium may be written
Integrating S z (r, t) over the beam's cross-sectional area in the xy-plane and over all time, then using the identity
where δ(k) is Dirac's delta function, the pulse's total energy content turns out to be
Figure 2 (color online). A finite-duration, finite-diameter light pulse propagating along the z-axis within a homogeneous, isotropic, transparent medium of refractive index n 1 is normally incident on a homogeneous, isotropic, absorptive medium of complex refractive index n 2 + iκ 2 . The Fresnel reflection coefficient at the interface is ρ, and the energy content of the incident pulse is E pulse . While the reflected pulse continues to carry its total energy of | ρ | We now substitute in Eq. (18) from Eq. (15), where we use the fact that (k x ,k y ) is in the vicinity of (0,0), so that, in accordance with Eq.(14a), the E z component of the field can be ignored; moreover, from Eq.(11) we have k z ≈ n 1 ω/c. We find
Next we calculate the total force F of the light pulse on the semi-infinite absorptive medium by integrating (P ·∇ ) E + (∂ P /∂ t)×μ o H over the spatial coordinates x, y and z. Since (k x , k y ) is in the vicinity of (0,0), and also because the beam's cross-section is assumed to be symmetric in the xy-plane with respect to the origin, the contribution of (P ·∇ ) E, integrated over the beam's cross-section, will be negligible. We may also suppose that all the plane-waves enter the absorptive medium essentially at normal incidence and, therefore, with the same transmission coefficient τ as in Eq.(1b). The density of the force experienced by the absorptive medium is
The above force density, when integrated over space and time will, with the help of Eqs. (15) and (17), yield
As before, since k x , k y are close to zero, we ignore the E z component of the field and proceed to approximate k z with (ω/c)√ ε 2 (ω). The time-integrated force along the z-axis experienced by the absorptive medium becomes
In the above integrand, the coefficient of |E (i ) | 2 becomes its own conjugate when ω changes sign to -ω. Since the E -field intensity remains the same under this sign change, one is justified in replacing the coefficient with its realpart, namely, ½[1+ |ε 2 (ω)|]. In the absence of dispersion, this coefficient is independent of ω and may be taken outside the integral. We thus have
Normalizing the time-integrated force in Eq. (23) by the pulse energy E pulse given in Eq.(19) yields the same result as obtained earlier in Eq. (7) for the case of cw illumination. Once again, the momentum per photon transferred by the light pulse to a good reflector is seen to be proportional to n 1 , not because of an inherent Minkowski momentum of the photons inside the transparent host, but because of a reduced impedance-mismatch between the dielectric host and the absorptive medium.
The above results pertaining to pulsed illumination can be further extended to cover magnetic media specified by their ε (ω) and μ (ω). The final result turns out to be identical to Eq.(9), which was obtained in Section 2 for cw illumination of a magnetic absorber/reflector through a transparent magnetic dielectric. Equation (9) is thus seen to be quite general, applicable under pulsed as well as cw illumination to magnetic and non-magnetic media alike. The momentum of a light pulse traveling within a transparent host consists of both electromagnetic and mechanical components, the total momentum per photon being ½(η 1 +η 1 − 1 )ħω/c [21, 22] . The force experienced by a good reflector submerged in a transparent medium, however, is generally greater than that indicated by the sum of the incident and reflected momenta, for the following reason: Upon reflection, the incident and reflected pulses overlap for some period of time. In the region of overlap, there will be interference, and a net force is exerted on the transparent host (the incidence medium) whose direction is typically opposite the direction of the force exerted on the mirror [21] . Consequently, the net force experienced by the mirror in accordance with Eq. (9) will be greater than that expected from a simple argument based solely on the conservation of the pulse's total (i.e., electromagnetic plus mechanical) momentum. In the Appendix we describe a method of calculating the mechanical momentum transferred to the host medium as a result of the overlap between incident and reflected pulses in the dielectric region immediately preceding the reflector.
Computer simulations.
Finite Difference Time Domain (FDTD) simulations are a powerful tool for computing numerically exact solutions to Maxwell's equations. With reference to Fig.3 , we simulated the case of a linearly polarized Gaussian beam of vacuum wavelength λ o = 650 nm, focused via an aberration-free lens into a liquid droplet placed atop the flat surface of an absorber/reflector. A cylindrical lens will produce a line focus along the yaxis, in which case the computations can be carried out in two spatial dimensions (2D). A spherical lens will produce a 3D focused spot having a nearly circular cross-sectional profile. In both cases the radiation pressure on the absorber/reflector may be calculated as a function of the full-width-at-half-maximum-amplitude (FWHM) of the focused Gaussian spot.
For a focused spot having FWHM greater than about 2 μm, the force of radiation is found to be in agreement with the plane-wave result predicted by Eq. (7) . As the spot diameter shrinks, however, we find that the radiation pressure declines rapidly. Figure 4 shows computed plots of normalized force versus the spot's FWHM diameter for
a light beam focused onto a silver mirror through a liquid droplet of refractive index n 1 =1.5. Both cases of 2D and 3D focusing are depicted in the figure, with 3D focusing seen to result in a more rapid decline in radiation pressure as the spot size shrinks below about 1 μm. For 2D focusing, the computed radiation pressure on the mirror is shown in Fig. 4 for both s-and p-polarized light, i.e., with the E-field being, respectively, parallel and perpendicular to the line-focus. These plots reveal that, with a decreasing spot diameter, the normalized force of a p-polarized beamfocused onto the silver mirror through a cylindrical lens -drops faster than that of an s-polarized beam. This is understandable considering that (i) a sharply-focused light spot consists of a large number of plane-waves arriving at the mirror surface at oblique incidence, and (ii) the Fresnel reflection coefficient of the mirror at oblique incidence is greater for s-light than for p-light. the focused beam will be invariant along the y-axis (2D simulations), whereas a spherical lens produces a focused spot with a nearly circular cross-section (3D simulations). A 2 nm air gap is introduced at the solid-liquid interface to facilitate the computation of the Lorentz force exerted on the bound charges at the absorber/reflector surface. Figure 4 (color online). Plots of <F z >/(<S z >/c) versus the focused spot's FWHM in the system depicted in Fig. 3 . The solid squares (blue) and solid circles (green) represent the case of focusing through a cylindrical lens (2D), whereas the solid triangles (red) correspond to focusing through a spherical lens (3D). In both cases, in the limit of large beamdiameter (i.e., FWHM > 2.0μ m), the normalized force approaches the value of 2.82 predicted by Eq. (7). Increasing the focusing power of the lens causes the spot-size to shrink, thus resulting in a reduced force (per photon) on the submerged mirror. For a given focusing power, the spherical lens is more effective at reducing the radiation pressure than the cylindrical lens. In the absence of the liquid droplet (i.e., n 1 = 1.0), when the light is focused directly onto the mirror surface, the normalized force drops below the plane-wave limit of 1.989 [predicted by Eq. In our FDTD simulations, we introduced a 2 nm air gap between the liquid droplet and the mirror surface in order to facilitate the computation of the Lorentz force on the bound surface charges of the mirror; see Fig.3 . Since the gap is much smaller than a wavelength (λ o = 650nm), its effect on reflected and transmitted E-and H-fields should be negligible. For a finite-diameter incident beam, surface charges (or electric dipoles) appear on both sides of the solid-liquid interface. The artificial device of an air gap is thus helpful in separating these charges from each other in order to keep track of the Lorentz force on either side of the interface without introducing an unacceptable error in the final numerical results.
In the case of a plane-wave at normal incidence, surface charges are absent and the seat of the Lorentz force is solely within the skin depth of the mirror. For a normally-incident plane-wave, we computed the normalized force on the silver mirror both with and without the 2 nm air gap; the presence of the gap resulted in a change of less than 1% in the computed force. Moreover, when the step size of our FDTD mesh was reduced below 2 nm, the air gap could be reduced as well (since the air gap must be at least equal to one mesh step); in such cases the difference in the computed values of the force with and without the gap was seen to decrease in proportion to the mesh step to values below 1%.
The reduction of radiation pressure with a decreasing beam diameter may be attributed to a reduced incident momentum (per photon) as well as a weaker coupling of the electromagnetic field into the mirror. This effect is not limited to submerged mirrors and may be observed in the case of air-incident focused beams as well. The lower plots in Fig.4 correspond to air-incident focused beams produced by a cylindrical lens (green open circles, blue open squares) and a spherical lens (red open triangles). Once again, it is seen that for a large-diameter beam (i.e., FWHM > 2 μm) the computed normalized force agrees with the result predicted by Eq. (7) when n 1 = 1.0, namely, <F z >/(<S z >/c) = 1.989. The radiation pressure declines with a decreasing spot size, albeit not quite as fast as it does in the case of a submerged mirror. This reduction is primarily due to the fact that, in vacuum, the electromagnetic momentum (per photon) of a focused spot is less than that of a plane-wave. When a plane-wave is focused (in vacuum) onto a perfect mirror, upon reflection from the mirror and a second passage through the focusing lens (this time in the reverse direction, of course) the entire momentum of the plane-wave will have been reversed. Under these circumstances, the fraction of the plane-wave's electromagnetic momentum that is not acquired by the mirror will, in fact, be transferred to the focusing/collimating lens.
Concluding remarks.
In this paper we examined the radiation pressure experienced by an absorber/reflector immersed in a transparent, homogeneous, isotropic medium. The pressure was found to depend on the admittance η 2 (ω)=√ε 2 (ω)/μ 2 (ω) of the absorber/reflector as well as on η 1 (ω)=√ε 1 (ω)/μ 1 (ω) of the transparent host, irrespective of whether the incident radiation is pulsed or cw. [In the special case of a non-magnetic host, where μ 1 (ω) = 1, the admittance of the host reduces to its phase refractive index n 1 (ω)=√ε 1 (ω).] The general expression for the transferred momentum per incident photon of frequency ω is given by Eq. (9) , where the incident beam is assumed to be quasi-monochromatic and collimated (with a diameter that is substantially greater than a wavelength), arriving at normal incidence at the flat interface between the transparent host and the absorbing/reflecting medium.
When the relative values of η 1 and η 2 are such that, on the right-hand side of Eq.(9), the contribution of η 1 to the denominator is negligible (e.g., when η 2 has a large imaginary part, as in good metallic reflectors), the transferred momentum per incident photon is seen to become simply proportional to η 1 (or, for a non-magnetic host, to n 1 ).
Under such circumstances, one is tempted to say that the photons inside the transparent host carry the Minkowski momentum, although the proper interpretation is that a reduced impedance-mismatch has enhanced the coupling of the incident photons to the absorber/reflector.
In the 1953 experiments of Jones and Richards on submerged mirrors [26] , followed by the refined 1977 experiments of Jones and Leslie [27] , the mirror was highly reflective, and the radiation pressure was found to be proportional to the phase refractive index of the host liquid. These results were interpreted as providing strong evidence in support of a Minkowski momentum for photons traveling within transparent dielectrics. Our analysis in the preceding sections, however, suggests a reinterpretation in terms of a reduced impedance-mismatch.
A fruitful extension of the experimental work in this area is suggested by Eq. (9), where it seems desirable to examine situations in which η 1 makes a substantial contribution to the denominator. Another possible avenue for further investigation would be the conduction of experiments involving radiation pressure on submerged absorbers/reflectors where the incident beam is highly focused (or highly divergent), thereby necessitating the modification of assumptions that have led to Eq.(9). The computer simulation results presented in Section 4 predict a substantial reduction in the radiation pressure per photon as the diameter of the focused light spot drops below about one wavelength.
Note in Eq.(A5) that, for points located near the mirror (i.e., z close to zero), the momentum transfer tends to be significant. As one moves away from the mirror, z becomes large (and negative), causing the sinusoid to oscillate more and more rapidly with changes of ω. For sufficiently large z, i.e., outside the overlap region, these oscillations cancel each other out and the integral vanishes. To find the total mechanical momentum transferred to the host medium in the process of reflection from the submerged mirorr (which is located at z= 0), we integrate Eq. (A5) over z from −∞ to 0. Due to the aforementioned oscillations of the sinusoid at large z, the integrated function goes to zero at z =−∞. The total integrated momentum is thus found to be 
Clearly, the momentum transferred to the dielectric host is proportional to the difference between the Minkowski and Abraham momenta of the incident pulse, n 1 E pulse /c and E pulse /(n 1 c), respectively. For a perfect reflector, of course, |ρ (ω o )| =1. If φ (ω o ) ≈π , which is the case for a good metallic reflector, then the direction of the momentum transferred to the transparent host is away from the mirror. Considering that the incident and reflected pulses each carry a total momentum of ½(n 1 +n 1 − 1 )E pulse /c, the Minkowski momentum of 2n 1 E pulse /c transferred to the mirror is seen to be consistent with the principle of conservation of momentum. In contrast to the conventional mirror discussed in the present paper, one could construct a nearly perfect reflector whose φ (ω o ) ≈ 0. (This could be achieved, for example, with a dielectric stack of alternating high-and lowrefractive-index layers, where some of the layer thicknesses are judiciously chosen to deviate from the standard value of one-quarter-of-one-wavelength.) Equation (A7) now indicates that the transferred momentum to the dielectric host would point toward the mirror. A simple balance-of-momentum argument reveals that, under such circumstances, the momentum transferred to the (unconventional) mirror will be 2E pulse /(n 1 c), as though the photons within the dielectric host carried the Abraham momentum. This prediction may also be confirmed by a direct calculation of the Lorentz force experienced by the (unconventional) mirror [20] . The photons, of course, always carry the same momentum, irrespective of the nature of the mirror used in the experiment. What is different in each case is the magnitude and direction of the momentum taken up by the dielectric host (within which the mirror is submerged). This last point is made abundantly clear by the dependence of the transferred momentum in Eq. (A7) on the Fresnel reflection coefficient ρ (ω o ) of the mirror.
